
VELOCITY 

LAYER OF 

PROFILE IN A TURBULENT BOUNDARY 

A SUPERSONIC GAS STREAM 

A. D.  R e k i n  UDC 532.527.4:532.133 

A s e m i e m p i r i c a l  equation is p roposed  fo r  re la t ing  the coeff icients  of mo lecu l a r  and turbulent  
v i s cos i t y  in the l a m i n a r  sub layer  and in the t rans i t ion  region.  Simple fo rmu la s  a re  der ived 
for  de te rmin ing  the ve loc i ty  throughout the boundary  l aye r  and the f r ic t ional  s t r e s s  at the 
su r f ace  of a pla te  at va r ious  va lues  of the Mach number .  The r e su l t s  of calculat ions a re  
c o m p a r e d  with exper imen ta l  data.  

Theoretical studies of the turbulent boundary layer which yield results applicable to engineering prob- 
lems are, as a rule, based on the two-layer flow model. The Prandtl formula is used for frictional stress 
in the turbulent region and the Newton formula is applied to the predominantly viscous laminar sublayer. 
Such a two-layer model is, apparently, valid when the laminar sublayer is sufficiently thin. It has been 
shown in [i], on the basis of direct velocity measurements, that the thickness of the laminar sublayer in- 
creases greatly at a Maeh number Ma~ o > 8 and reaches 20-30% of the total boundary layer at Ma~ = 9-10. 
Consequently, the transitional layer between predominantly laminar flow and fully developed turbulent flow 
must also be appreciable. As the effect of molecular viscosity within the boundary layer extends over a 
wider region, the distribution of turbulent viscosity near the wall may strongly affect the profile of aver- 
age velocities (and thus also of average temperature) across the boundary layer. Knowing the flow charac- 
teristics of the entire boundary layer is absolutely necessary for an analysis of the physicochemieal pro- 
cesses in that layer. 

We will first consider the boundary layer of an incompressible gas. The analysis will be based on 
the assumption that the tangential velocity of the gas is distributed as follows 

l / %;/P g 
u - f (n ) ,  n (1)  

I xw/9. v 

over  the en t i re  boundary  l aye r  at a f lat  p la te .  

F o r  sma l l  va lues  of 17 (near  the wall) function f07) = ~7, for  l a rge  values  of 77 

f (~) = c~,/ ,~.  (2) 

Coefficient  C and the power  exponent 1 /n  a r e  weak functions of the Reynolds number  [2]. Within 
the range  Re x = 5" 105.10 ~' for  example ,  they  m a y  be taken  equal to 8.57 and 1/7 r e s p e c t i v e l y  (C = 8.57 r a t h e r  
than 8.74 in [2] a g r e e s  be t t e r  with t e s t  data  on skin f r ic t ion  at  a plate) .  We will seek  function f(~) in the 
f o r m  

f (~)  = ~ (3) 

[1 + 

ove r  the en t i re  range  of ~, sa t i s fying both e x t r e m e s  of sma l l  and l a rge  va lues .  Here  a = (1/C) n/(n-1). In 
addition to the known constants  C and n, this  exp res s ion  contains a lso  an exponent k which depends on the 
turbulent  v i s c o s i t y  in the boundary  Iaye r .  Indeed, the tangent ia l  f r ic t ion  s t r e s s  in a turbulent  s t r e a m  is 
e x p r e s s e d  as 

~ ~ (1 + e/v) (du/dy). (4) 
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Fig.  1. P ro f i l e  of ave r age  ve loc i ty  and t u r -  
bulent v i scos i ty  nea r  a wall: 1) Schubauer 
data  [4]; 2) Klebanov data [5]; 3) Simpson 
data [5]; 4) Laufer  data  [4]; 5) Conte-Bel lo  
data  [6]; 6) re la t ions  (3) and (5); 7) r e l a -  
t ions (2) and (7). 

Inser t ing  (1) and (3) into (4), we obtain 
n - - ]  

! + "~- = ~ = 1 -t- (a~l)k/n (5) 

At smal l  va lues  of ~ (~ ~ w  ), by expanding expres s ion  (5) into a s e r i e s  in t e r m s  of the sma l l  p a r a m e t e r  
(a~/), one will find that 

e/v = (1 - -  l /n)(1 + 1/k)(a'q)tL (6) 

At l a rge  values  of ~ exp re s s ion  (5) a l so  s impl i f i es ,  to 

~1~ = ('~l'r~) (n i t )  ~-Zl~.  (7) 

The value fo r  k will be se lec ted  on the bas i s  of c loses t  a g r e e m e n t  between re la t ions  (3), (5), and t e s t  r e -  
sul ts .  It follows f r o m  the flow equation and the continuity equation for  a boundary  l aye r  [3 ] that k >- 3 nea r  
the wall. In accordance  with the va r ious  hypotheses ,  one usual ly  lets  k be equal to 3 or  4. 

Resul t s  of calculat ions by fo rmu la s  (3) and (5) have been plotted in Fig .  1 fo r  n = 7, C = 8.57 (a 
= 0.0814), k -- 3 and 4. On the s a m e  d i a g r a m  is a l so  shown the coefficient  of turbulent  v i s cos i t y  based  on 
t e s t  data  by  Schubauer,  Klebanov, Simpson for  a boundary  l aye r  and by Laufer  for  a channel. Data on the 
d is t r ibut ion of ave rage  ve loc i ty  have been bor rowed  f r o m  recen t  s tudies concerning the boundary  l aye r  [5] 
and concerning the initial s egment  (x/h < 40) of a f lat  channel [6]. 

If the op t imum value for  k is to be se lec ted  on the bas i s  of a g r e e m e n t  with t e s t  r e su l t s ,  then p r e f e r -  
ence should be given to k = 3. This value has,  t he re fo re ,  been used for  de te rmin ing  the function (3). Both 
f and a /v  were  a lso  calculated with k = 2. The r e su l t s  he re  a re  found, however ,  to ag ree  l e s s  c lose ly  with 
t e s t  r e su l t s .  

It is evident  f r o m  Fig. 1 that  the pos tu la ted  re la t ion  (3) with k = 3 devia tes  f r o m  the l inea r  re la t ion  f 
= ~/when ~ > 5 and a g r e e s  with the p o w e r - l a w  re la t ion  (2) when ~ > 70 (an evaluation of the p o w e r - l a w  r e l a -  
t ion by  compar i son  with t e s t  data  at ~ > 70 can be found in any monograph  on the turbulent  boundary layer) .  
We note that  the d imens ion less  th ickness  of the t rans i t iona l  region between a v iscous  l amina r  flow and a 
ful ly developed turbulent  flow (~ = 5-70) is the s ame  as suggested in [2]. 

An ana lys i s  of flow in the turbulent  b o u a d a r y l a y e r  of a c o m p r e s s i b l e  gas is based on an extension of 
re la t ions  (1) and (3), which have been ver i f i ed  expe r imen ta l ly  fo r  an incompress ib l e  gas.  We a s s u m e  that 
for  a c o m p r e s s i b l e  gas  the s t ruc tu re  of r e l a t ion  (1} will not change when put in di f ferent ia l  f o r m  

du ~ d[, c1~l - U ' % I o  cIy. (8) 
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In in tegra l  f o rm ,  re la t ions  (8) become  

- -  l" p du =: f O]), ' ] =  V "e w ( V p / ~  ) dy. 
W T w 

O 0 

(9) 

The va lues  of the coeff icients  and the exponents in f o rmu la  (3) for  f0?) will a l so  be left  unchanged. We 
note that ,  under  these  a s sumpt ions ,  exp re s s ion  (5) for  the coefficient  of turbulent  v i scos i ty  will a lso  r e -  
ma in  unchanged. 

The in tegra l  method,  re la t ions  (9), of accounting for  the va r i ab i l i ty  of the phys ica l  p r o p e r t i e s  of a 
med ium was f i r s t  used in the study [7] of heat  t r a n s m i s s i o n  through a channel with wa te r  in the s u p e r c r i t i -  
cal  s ta te ,  where  i ts  v i scos i ty ,  densi ty,  and t h e r m a l  conductivi ty d e c r e a s e  fas t  with r i s ing  t e m p e r a t u r e .  
The r e su l t s  of calcula t ions  ag reed  the re  c lose ly  with t h e r m a l  flux m e a s u r e m e n t s  at the walI. In the case  
of a c o m p r e s s i b l e  gas,  the v i scos i ty  and the densi ty  v a r y  in the opposite sense  as functions of the t e m p e r a -  
t u re .  F o r  this r eason ,  the val idi ty  of postula t ing the re la t ion  (8) should be ver i f i ed  fo r  va r ious  f o r m s  of 
the t e m p e r a t u r e - d e p e n d e n c e  of phys ica l  p r o p e r t i e s .  

The gene ra l  exp res s ion  for  f r ic t iona l  s t r e s s ,  accord ing  to the postula ted re la t ion  (8) or  (9) is 

I 

0 (zo) 

We will cons ider  the case  of ful ly developed turbulence  015 > 70), where  the value of f can be de te rmined  
f r o m  fo rmu la  (2). Concerning the case  where  75 < 70 and f mus t  be de te rmined  f r o m  the genera l  fo rmula  
(3), we will commen t  app rop r i a t e l y  as n e c e s s a r y .  

Inser t ing  the value f = C~/1/n into (10) yields  

9 

Cf_ T w - - F  n ] r t + l  

2 2 n  
1 

0 

where 

5 

= t '  (p/p~) h-(t - -  u) dy; 
0 

1 

.f (p/p~)u (1 - -  u) dy 

1 (12)  

n S I '  OlP~ dy 
(n + l) (n @ 2) p,/~= 

0 

F o r  a boundary  l aye r  which is turbulent  immed ia t e ly  at the front  edge of the pla te ,  Eq. (11) becomes  

2 2 2 n  

__ t - - .  - -  ,-~3 --r_" 

2 (n + 2)(n + a) c n x ~ -T2-~} Vwo.~ d.  r 
0 

F o r  an i ncompres s ib l e  fluid with n = 7 (C = 8.57), (11) and (13) become the well-known fo rmu la s  

: u ~  "-o,2s ( u |  -o.~. 

(i3) 

Calculat ions of function @have shown that  its value in fo rmu la s  (11) and (13) depar t s  apprec iab ly  f r o m  unity. 
Thus,  at a Mach num ber  in the 0-15 range,  at a Reynolds number  in the 3 �9 106-107 range ,  and at a t e m p e r -  
a ture  fac tor  t = T w / T  r in the 0.1-1.0 range ,  for  example ,  the value of t f o r  a i r  v a r i e s  f r o m  0.8 to 1.25. 
The re fo re ,  in engineer ing  calculat ions one m a y  let  t t o  the power  2/(n + 1) be equal to 1.0 (or, for  be t t e r  
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prec i s i on ,  one m a y  compute  i ts  value n u m e r i c a l l y  on the ba s i s  of definit ion (12)). Thus,  within the accu-  
r a c y  of the assumpt ion  that @ = 1, the re la t ive  changes in the f r ic t ion  coefficient  due to  the compre s s ib i l i t y  
of a gas  flowing with Re v = const and Re x = const  can be e x p r e s s e d  s imp ly  and expl ic i t ly  as 

1 2rt I 2n  

c 
\ C I i  l ,  

0 o 

In o rde r  to calculate  the f r ic t ion  coeff icients  by fo rmu la  (14), one needs to have a re la t ion  between 
the gas  dens i ty  and the gas  ve loc i ty  in the boundary  l aye r .  The st ipulat ion of constant  p r e s s u r e  and spec -  
ific heat a c r o s s  the boundary layer ,  in conjunction with the pa r t i cu l a r  ene rgy  integral  (the Crocco  integral) 
c o r r e c t e d  app rox ima te ly  for  the r e s t o r a t i o n  fac tor ,  y ie lds  the following well-known re la t ion  [8]: 

p _ T .  _ 1--[3 
p .  T t + (1 - - t ) u - -  ~u ~ ' (15) 

w h e r e t  = T w / T r ,  T r = T ~ ( l + p )  i s t he  equi l ibr ium wall t e m p e r a t u r e ,  fi = p/(1 + p), p = r(~t - 1)Ma~/2,  and 
r is the r e s t o r a t i o n  fac tor  usua l ly  a s s um ed  equal to 0.89 (relat ion (15) is exact  when r = 1). When re la t ion  
(15) is used, then the in tegra ls  (14) a r e  taken  in quadra tu res .  As a resu l t ,  we have 

2 a  

,--C-~]i ) , =  ] f l ~  arcsin +arcsin , (16) 

n+l 

�9 ( . ,  

F o r m u l a s  (16)-(17) s impl i fy  in spec ia l  ea ses .  When no heat  t r a n s f e r  occurs  (t = 1), for  example ,  

2n 

~ I  n + l  (C1/CI,)~ -- [r 1/[8 1 arcsin), [~] , 

o r  at a low gas  veloci ty  (8 -~ 0) 

2 n  

(CJCy~)~ = [2 (! - -  r t-)l(1 --/)]'~+'. 

Accord ing  to these  fo rmulas ,  we find that  the effect  of the Reynolds number  on the re la t ive  change 
in the f r i c t ion  coefficient  is indirect  (through the power  exponent). The h igher  the Reynolds number  is, 
the higher  becomes  the value of n and the s t ronge r  is the effect  of gas  compress ib i l i ty .  As Re -~ ~ (n -~o),  
the values  of •2/(n+l) and r in (11) and (13) become  exac t ly  equal to unity, and these  fo rmu la s  be -  
come the well-known re la t ion  at l imi t ing conditions [8, 9]: 

1 

--  (.t ,,' 
0 

After  the f r ic t ion  coeff icient  has  been de te rmined  to the f i r s t  approximat ion ,  one can find the ve loc i ty  
p rof i le  by n u m e r i c a l l y  integrat ing Eq. (9). This equation can, for  convenience,  be r ewr i t t en  as  

Y 

1 [(V Cj2 (u. /v.)  t'/Cs/~ t' V" pIg. du= , ~" l/9~9-1(t~l~.)dY) . 
0 0 

Using re la t ion  (15), one f i r s t  computes  the lef t -hand side of Eq. (19) and then, with the aid of graphs  r e p r e -  
senting re la t ion  (3) (Fig.  1), one finds s u c c e s s i v e l y  77, Y, 76, and 5. Equation (19) indicates  that,  unlike 
the f r ic t iona l  s t r e s s  at wall,  the ve loc i ty  p rof i le  in the boundary  l aye r  is s ignif icant ly affected by all p a r -  
a m e t e r s  in (19). 

Resu l t s  of calcula t ions  accord ing  to fo rmulas  (16) and (17) with n = 7 a re  shown in Fig. 2 fo r  the Mach 
number  Ma ranging f r o m  0 to 5 at Re x = const and  for  the Mach number  Ma ranging f r o m  5 a t  Re = eonst .  
The dashed line co r r e sponds  to the l imi t ing-condi t ion  f o r m u l a  (18) at t = 1. On the d i ag ram a re  a lso  shown 
the t e s t  r e su l t s  by Coles [11], Wilson [12], Matting et  al. [13], Korkegi  [14] without heat  t r a n s f e r  a t t h e w a l l  
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Fig.  2. Re la t ive  va r ia t ion  of the f r ic t ion  coeff icient  with a changing Mach number :  1) 
data  in [10]; 2) data  in [11]; 3) data  in [12]; 4) data  in [13]; 5) data  in [14]; 6) data  in 
[15]; 7) data  in [16]; 8) data  in [1]; 9) data  in [17]; 10) re la t ions  (16) and (17); 11) r e -  
lat ion (18) with t = 1. 

Fig .  3. Re la t ive  p rof i l e  of ave r age  ve loc i t i es  in a turbulent  boundary  l a y e r  at var ious  
va lues  of the Mach number :  1) data  in [13] (Ma~ = 4.2, Re x = 6.2.106, t = 1); 2) data  
in [16] (Mayo = 6.83, Re~ = 8550, t = 0.67); 3) data  in [1] (Ma~ = 9.07, Re~ = 2276, t 
= 0.55); 4) da ta  in [1] (Ma~ = 10.04, Re~ = 1450, t = 0.51); 5) calculat ions by f o r m u -  
las  (8) and (3) fo r  t e s t  condi t ions  (1-4); 6) calculat ions by fo rmu la s  (1) and (3) (Ma~ 

0, Re x =  10 ~, t =1) .  

(t = 1), and S o m m e r  and Short  [15] (t = 0.18-0.43), Lobb et  al. [16] (t = 0.5-0.67),  Hi11 [1] (t = 0.47-0.53), 
and Nagamatsu  et al.  [17] (t = 0.214). According  to Fig. 2, the calcula t ions  and the t e s t s  ag ree  f a i r ly  up to 
Ma~ = 10. We note, f u r t h e r m o r e  that these  calcula t ions  fo r  Ma~ = 0-10 and t = 0.1-1.0 ag ree  a lso  within 
12% with those in [8] and those based  on the e m p i r i c a l  f o r m u l a  in [18]: 

(cf/cj,),~ = t - ~  [1 + ,- (~ - 1) M L / 2 ] - ~  

r e p r e s e n t i n g  an approx imat ion  of t e s t  data.  F o r  Ma~ = 12 and 14, however ,  the t e s t  values  f r o m  [17] 
shown in Fig.  2 a r e  higher  than calculated ones. One cause of this d i s c r e p a n c y  is the i nco r r ec tne s s  of ca l -  
culat ions.  Namely ,  the d imens ion less  th ickness  of the boundary  l aye r  76 calculated accord ing  to re la t ion  
(19) for  the given tes t  conditions ( R e ~  1000, t = 0.214) is equal to 65 when Ma~ = 12 and equal to 32 when 
Ma~ = 14. This  m eans ,  accord ing  to Fig.  1, that  turbulence  is not ful ly developed in the boundary  l aye r .  
In this case ,  for  a m o r e  accu ra t e  calcula t ion of Cf /Cf i  , one mus t  inse r t  into the denomina tor  of (10) the 
value of f(~5) ca lcula ted  accord ing  to (3), which at 75 < 70 is s m a l l e r  than C71~ n (dashed l ines in Fig. 1). 
Consequently,  the ca lcula ted  value of Cf /Cf i  will be higher  than shown in Fig.  2. As the Reynolds number  
Re~ d e c r e a s e s  at constant  values  of t and the Mach number ,  or  as the Mach n u m b e r  Mayo i n c r e a s e s  at con- 
s tant  va lues  of t and the Reynolds number  ( i . e . ,  as  716 d e c r e a s e s ) ,  the effect  of Cf /Cf i  becomes  i n c r e a s -  
ingly s t ronge r .  

Some r e su l t s  of r a t h e r  re l i ab le  ve loc i ty  m e a s u r e m e n t s  in a turbulent  boundary l aye r  of a i r ,  with a 
l a m i n a r  sub layer  included in the t e s t  zone, a r e  shown in Fig.  3. The t e s t  data  he re  a r e  by Matting et al. 
[13], Lobb et al.  [16], and Hill et al. [1]. The solid l ines  r e p r e s e n t  calculat ion fo rmu la s  (3) and (8) with 
n = 7 co r re spond ing  to the given t e s t  conditions.  The dashed line r e p r e s e n t s  calcula ted values  for  an in 
c o m p r e s s i b l e  fluid with Re x = l0 T (75 = 5000). The t e m p e r a t u r e - d e p e n d e n c e  of the a i r  v i s cos i t y  is based 
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on the Sutherland formula .  The calculated values  of 76 for  t e s t s  1-4 a re  r e spec t ive ly  equal to  1460, 1580, 
310, and 250, indicating a fully developed turbulence in the tes ted  boundary layer .  

A Comparison between theore t i ca l  and exper imenta l  values in Fig. 3 wilt indicate a sa t i s fac to ry  ag ree -  
ment  between them (the slight d i sc repancy  between calculations and tes t  values in the Hill exper iment  at 
Ma~ = 10 can be pa r t l y  explained by an inefficient prof i le  of the supersonic  nozzle when used in these  tests) .  
On the basis  of the values  of the re la t ive  ve loc i ty  gradients  in the boundary layer ,  one can say  that at high- 
e r  values of the Mach number  the laminar  sublayer  becomes  a l a rg e r  f rac t ion  of the turbulent boundary 
l aye r .  

Calculations have shown that the re la t ive  thickness of the turbulent  region of a boundary layer  va r ies  
apprec iably  when the Reynolds number  Re, the Mach number  Ma~, and the t em p e ra tu r e  factor  t vary ,  
while the d imensionless  thickness  of the boundary l aye r  75 var ies  within the 100-1000 range.  If all t e s t  

data in Fig. 3 as well as the data in [16] a re  plotted in coordinates  (~, S ~/P~ d ~ v r C ~ ) '  they will c losely  
0 

enough fit  on a single curve  (3). 

NOTATION 

x, y a re  the coordinates  along and ac ross  a plate;  
u is the average  veloci ty  not mean; 
u : 

y : y / 6 ;  

T is the t empera tu re ;  
p is the density;  
/~ is the dynamic viscosi ty;  
v, e a r e  the coefficients  of molecu la r  and turbulent  kinetic viscosi ty;  
6 is the boundary- laye r  thickness;  

is the momentum thickness;  
Ma is the Maeh number;  
Re is the Reynolds number;  
t = T w / T  r is the t empe ra tu r e  factor ;  

is the f r ic t ional  s t r e s s ;  
Cf is the f r ic t ion  coefficient ;  
7 is the d imensionless  coordinate  defined by formula  (1) or (9); 
f is the function (3); 
~b is the function (12); 
n, C,a ,k are the coefficients in relations (2)-(7). 

S u b s c r i p t s  a n d  S u p e r s c r i p t s  

denotes outside the boundary layer ;  
6 denotes the edge of the boundary layer ;  
w denotes wall; 
i denotes incompress ib le  gas; 
x, ~ denotes constant values of x and ~ respec t ive ly .  
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